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Abstract
The aim of this paper is to describe the structure of the finitely gen-
erated subgroups of a family of branch groups, which includes the first
Grigorchuk group and the Gupta-Sidki 3-group. This description is made
via the notion of block subgroup. We then use this to show that all groups
in the above family are subgroup separable (LERF).
These results are obtained as a corollary of a more general structural
statement on subdirect products of just infinite groups.
1 Introduction
A group is branch if it acts faithfully on a spherically homogeneous rooted tree
and has the lattice of subnormal subgroups similar to the structure of the tree
[GHZ00, Gri00a, Gri00b]. A group G is self-similar if it has a faithful action
on a d-regular rooted tree, d ≥ 2, such that any section of any element g ∈ G
is again an element of the group modulo the canonical identification of the sub-
tree and the original tree. Just infinite branch groups constitute one of three
classes of just infinite groups (infinite groups whose proper quotients are all
finite) [Gri00b]. Self-similar groups appear naturally in holomorphic dynamics
[Nek05]. Both classes are also important in many other areas of mathematics.
Although quite different, these two classes of groups have large intersection, and
many self-similar groups are also branch. In the class of finitely generated branch
self-similar groups, there are torsion groups and torsion free groups; groups of in-
termediate growth and groups of exponential growth; non-elementary amenable
and nonamenable groups. Branch self-similar groups have very interesting sub-
group structure. Precise definitions, more details, and relevant references can
be found in [GNS00, Nek05].
Among the most important examples of branch self-similar groups is the
3-generated 2-group G of intermediate growth [Gri83] which is defined by its
action on the rooted binary tree T . See [dlH00] for an introduction to this
group and [Gri05] for detailed information and a list of open problems about
it. Much is known about subgroups of G, in particular about the stabilizers of
vertices of the tree T and of points on the boundary of T ; the rigid stabilizers;
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the centralizers; certain subgroups of small index [CSST01, Lee16], maximal
subgroups [Per00] as well as weakly maximal subgroups (subgroups of infinite
index that are maximal for this property) [Lee19].
In [GN08] the first and the third named authors announced a structural
result for finitely generated subgroups of G in terms of the new definition of
block subgroups, see Definition 2.5 and Example 2.6 illustrated by Figure 1.
B
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Figure 1: A block subgroup of the first Grigorchuk group.
The main purpose of this article is to prove of a weak version of this result
in a more general context, which applies in particular to the Gupta-Sidki 3-
group G3, see Theorem 2.9. We will also explicit some important consequences
of it, notably that the groups in question are subgroup separable, see Theorem
2.12. The desired result for branch groups will be derived from a more general
result about subdirect products of just infinite groups, which is of independent
interest, see Theorem 2.16.
The article is organized as follow. The next section contains the definitions
and the principal results. It is subdivided in two subsections, the first one deals
with branch groups while the second one is about general subdirect products.
Section 3 contains the proofs of the general statements on subdirect products
and notably of Theorem 2.16. Finally, Section 4 is devoted to the proof of the
results concerning branch groups, in particular of Theorem 2.9.
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2 Definitions and results
2.1 Branch groups
The main goal of this research is to understand the structure of subgroups of the
first Grigorchuk group G and of the Gupta-Sidki 3-group G3, as well as of some
other branch groups, that are closed in profinite topology (observe that branch
2
groups are residually finite). One class of such subgroups consists of finitely gen-
erated subgroups, as proven in [GW03] and [Gar16]. It is shown there that every
infinite finitely generated subgroup of G (respectively G3) is commensurable1
with G (respectively G3). This unusual property relies on the fundamental
result of Pervova [Per00] that every maximal subgroup of G (respectively of
the Gupta-Sidki p-group Gp) has finite (hence = 2, respectively p) index. For
strongly self-replicating, see Definition 2.1, just infinite groups with the congru-
ence subgroup property, the property to have all maximal subgroups of finite
index is preserved when passing to commensurable groups [GW03, Lemma 4],
and thus weakly maximal subgroups in G, respectively Gp, are closed in the
profinite topology. For a branch group G, the stabilizers of points in the bound-
ary of the tree are examples of weakly maximal subgroups [BG00], but there are
much more, see [BRLN16]. See [Lee19] for a description of all weakly maximal
subgroups of G and Gp.
Let T be d-regular rooted tree. This is a connected graph without cycles, with
a distinguished vertex, the root, of degree d and such that every other vertex
has degree d+1. The vertices of T are in natural bijection with the free monoid
{0, . . . , d − 1}∗, which is the set of finite words in the alphabet {0, . . . , d − 1}.
Under this identification, the root corresponds to the empty word ∅. There is
a natural partial order on the vertices of T defined by v ≤ w if v is a prefix of
w, equivalently if the unique path without backtracking from the root to w hits
v before w. The nth level, Ln, of T is the set of all vertices at distance n from
the root, or equivalently, the set of all words of length n. For a vertex v of T ,
we design by Tv the subtree of T consisting of all vertices w ≥ v, it is naturally
rooted at v. By Aut(T ) we denote the automorphism group of T , that is, the set
of all graph isomorphisms from T to itself that preserve the root. Equivalently
Aut(T ) can be seen as the set of bijections of the free monoid {0, . . . , d − 1}∗
that preserve length and prefixes.
Let G be a subgroup of Aut(T ). We denote by StabG(v) the stabilizer
of the vertex v and StabG(Ln) the nth level stabilizer, that is, the pointwise
stabilizer StabG(Ln) :=
⋂
v∈Ln StabG(v). More generally, if X is a subset of
vertices of T , the group StabG(X) is its pointwise stabilizer. Other important
subgroups are the rigid stabilizer of a vertex RistG(v) :=
⋂
w/∈Tv StabG(w) which
consists of elements acting trivially outside Tv and the rigid stabilizer of a level
RistG(n) :=
∏
v∈Ln RistG(v) = 〈RistG(v) | v ∈ Ln.
For v a vertex of T we have a natural homomorphism
ϕv : StabAut(T )(v)→ Aut(Tv)
where ϕv(G) = g|Tv is simply the restriction of g, i.e the action of g on Tv. The
element ϕv(G), is called the section of g at v. For G a subgroup of Aut(T ), we
will sometimes speak of the section of G at v and write ϕv(G) as a shorthand
for ϕv
(
StabG(v)
)
. It is trivial that the restriction of ϕv to RistG(v) is an
isomorphism onto its image.
1Recall that two abstract groups G1 and G2 are (abstractly) commensurable if there exists
Hi of finite index in Gi such that H1 and H2 are isomorphic. In particular, if H is a finite
index subgroup of G, then H is commensurable to G.
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Definition 2.1. A subgroup G of Aut(T ) is self-similar if for every vertex v the
section ϕv(G) is, under the natural identification of Tv to T , a subgroup of G.
It is self-replicating (also called fractal) if for every vertex v the section ϕv(G)
is, under the natural identification of Tv to T , equal to G. Following [SW20]
we will say that G is strongly self-replicating if ϕv
(
StabG(Ln)
)
= G for every
vertex v of level n.
Definition 2.2. A subgroup G of Aut(T ) is weakly branch if it acts transitively
on Ln for all n and all the RistG(v) are infinite (equivalently, they are all non-
trivial). The group G is branch if it acts transitively on Ln for all n and all the
RistG(n) have finite index in G. Finally, G is regular branch over a subgroup
K if it acts transitively on Ln for all n, is self-replicating, K is finite index and
for every vertex v of the first level, ϕv
(
StabK(L1)
)
contains K as a finite index
subgroup.
Regularly branch group are branch, and branch groups are weakly branch.
A branch group G has the congruence subgroup property if for every fi-
nite index subgroup H there exists n such that H contains the level stabilizer
StabG(Ln). This is equivalent to the fact that the profinite topology on G
coincide with the restriction on G of the natural topology of Aut(T ).
The first Grigorchuk group G acting on the 2-regular rooted tree is prob-
ably the most well-known and most studied branch group. This was the first
example of a group of intermediate growth [Gri84]. Among other properties,
the group G is self-replicating, regularly branch (over an index 16 subgroup
denoted K), just infinite, has the congruence subgroup property and we have
StabG(v) = StabG(L1) for every first level vertex v. See [dlH00, Gri05] for a
formal definition, references and more details.
Other well-studied examples of branch groups are the Gupta-Sidki p-groups
Gp, p ≥ 3 prime, acting on the p-regular rooted tree [GS83b]. These groups
are self-replicating, regularly branch, just infinite [GS83a], have the congruence
subgroup property [BG02] and we have StabG(v) = StabG(L1) for every first
level vertex v. On the other hand, it is not know if they have intermediate
growth and the groups Gp have infinite width of associated Lie algebras, in
contrast with G. See [GS83b, GS83a, Gar16] for a formal definition, references
and more details.
Let us now introduce some further less standard terminology that we are
going to work with in this paper.
We shall say that two vertices u and v are orthogonal if the subtrees Tu and
Tv do not intersect, that is, if both v  w and w  v. A subset U of vertices
is called orthogonal if it consists of pairwise orthogonal vertices. It is called a
transversal if every infinite geodesic ray from the root of the tree intersects U
in exactly one point. It is clear that a transversal is a finite set. Two subsets U
and V of vertices are orthogonal if every vertex of one set is orthogonal to every
vertex of the other set.
Definition 2.3. Let U = (u1, . . . , uk) be an ordered orthogonal set. Let G ≤
Aut(T ) and let L be an abstract group L and suppose that there exists a family
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(Lj)kj=1 of finite index subgroups of ϕuj
(
RistG(uj)
)
that are all isomorphic to
L. Let Ψ = (ψ1, . . . , ψk) be a k-uple of isomorphisms ψj : L → Lj . Then the
quadruple (U,L, (Lj)kj=1,Ψ) determines a diagonal subgroup of G
D :=
{
g ∈
k∏
j=1
RistG(uj)
∣∣∣∣∃l ∈ L,∀j : ϕuj (g) = ψj(l)}
abstractly isomorphic to L. We say that U is the support of D.
Observe that for the degenerate case where U = {u} consists of only one
vertex, the diagonal subgroups of G supported on {u} are exactly finite index
subgroups of RistG(u).
Example 2.4. The first Grigorchuk group G = 〈a, b, c, d〉 is regular branch over
K = 〈abab〉G = 〈abab, badabada, abadabad〉 which is a normal subgroup of index
16. The diagonal subgroup D depicted in Figure 2 is defined by L := K (seen
as an abstract group), U = {000, 01, 10}, 3 copies of K living respectively in
Aut(T000), Aut(T01) and Aut(T10) and the isomorphisms ψi given respectively
by the conjugation by a, b and c. That is, ψ1 : K → K ≤ Aut(T000) is defined
by ψ1(g) = ga, hence the notation Ka in Figure 2; and similarly for ψ2 and ψ3.
Observe that in this example the subgroup D is “purely” diagonal in the sense
that each factor K coincide with ϕuj
(
RistG(uj)
)
instead of only being a finite
index subgroup of it.
Ka
D =
diag( × Kb × Kc)
= g =
ka 1
kb kc 1
k ∈ K
Figure 2: A diagonal subgroup of G.
Definition 2.5. Let G ≤ Aut(T ). A block subgroup of G is a finite product
A =
∏n
i=1Di of diagonal subgroups such that the supports of the Dis are
pairwise orthogonal.
Observe that since the supports of the Dis are pairwise orthogonal, we have
Di ∩Dj = {1} if i 6= j and
∏n
i=1Di = 〈D1, . . . , Dn〉 ≤ G.
Example 2.6. A picture describing a specific block subgroup of G is given
in Figure 1. Remind that G = 〈a, b, c, d〉 is regularly branch over the normal
subgroup K = 〈abab〉G and we have K < B = 〈b〉G < G with [B : K] = 2 and
[G : B] = 8. Moreover, the section ϕv
(
RistG(v)
)
is equal to B if v ∈ L1 and to
K otherwise.
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Here is a detailed explanation of this example. We have U1 = {1} and
D1 = RistG(1) = {1} × B. On the other hand, we have U2 = {000, 001},
L1 = K ≤ Aut(T000) and L2 = K ≤ Aut(T001) with the isomorphisms ψ1 =
id: K → L1 and ψ2 = ·a : K → L2 (the conjugation by a). This gives us
D2 = {(g, aga, 1, 1, 1, 1, 1, 1) ∈ RistG(000) × RistG(001) | g ∈ K}. Finally, the
block subgroup depicted in Figure 1 is the product of D1 and D2 (these two
subgroups have trivial intersection).
It follows from the definition that if G is finitely generated and A is a block
subgroup of G, then A is finitely generated and so is H for every subgroup
A ≤ H ≤ G with [H : A] <∞. We will show that the converse also holds under
some conditions. In order to do that, we need two more definitions.
Definition 2.7. Let G ≤ Aut(T ) be a self-similar group. A family X of sub-
groups of G is said to be inductive if
I. Both {1} and G belong to X ,
II. If H ≤ L are two subgroups of G with [L : H] finite, then L is in X if and
only if H is in X ,
III. If H is a finitely generated subgroup of StabG(1) and all first level sections
of H are in X , then H ∈ X .
Definition 2.8. A self-similar group G has the subgroup induction property if
for any inductive class of subgroups X , each finitely generated subgroup of G is
contained in X .
We are now able to state our main result.
Theorem 2.9. Let G be a finitely generated self-similar branch group such that
StabG(v) = StabG(L1) for every first level vertex v. Then the following are
equivalent.
1. The group G has the subgroup induction property,
2. A subgroup H of G is finitely generated if and only if it contains a block
subgroup A with [H : A] <∞,
3. A subgroup H of G is finitely generated if and only if there exists n such
that for every v ∈ Ln the section ϕv
(
StabH(Ln)
)
is either trivial or has
finite index in ϕv
(
StabG(v)
)
.
The proof of Theorem 2.9 will be given at the end of Section 4.
Remark 2.10. Observe that the condition StabG(v) = StabG(L1) for every
vertex of the first level is equivalent to the fact that the action of G/StabG(L1)
on the first level is free. This is the case for most of the known examples of
self-similar branch groups acting on p-regular trees, p prime, where this action
is by power of a cyclic permutation of order p.
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Both the first Grigorchuk group [GW03, Theorem 3] and the Gupta-Sidki 3-
group [Gar16, Theorem 6] are known to possess the subgroup induction property
as well as to be self-similar branch groups such that StabG(v) = StabG(L1) for
every vertex of the first level. Hence it follows from Theorem 2.9:
Corollary 2.11. Let G be either the first Grigorchuk group, or the Gupta-Sidki
3-group. Then a subgroup H of G is finitely generated if and only if it contains
a block subgroup A with [H : A] <∞.
The property of a group to have all finitely generated subgroups closed in
profinite topology is quite rare. Such groups are called subgroup separable (or
LERF, which stands for locally extensively residually finite). It holds in partic-
ular for finite groups, finitely generated abelian groups, finitely generated free
groups [Hal49], surface groups [Sco78], amalgamated product of two free groups
over a cyclic subgroups [BBS84] and more generally limit groups [Wil08]. In
[RZ93] it is proven that a subset of a free group which is a product of finitely
many finitely generated subgroups is closed in profinite topology. This remark-
able property is known (in finitely generated case) only for free groups. We
conjecture that every subset of G, respectively G3, which is a product of finitely
many finitely generated groups is closed in the profinite topology. Our re-
sult may be considered as positive evidence towards this conjecture. Indeed, if
G ≤ Aut(T ) is a branch group with the congruence subgroup property, then
every block subgroup of G is closed in the profinite topology [Lee19]. Together
with Theorem 2.9 this implies the following.
Theorem 2.12. Let G be a finitely generated self-similar branch group with the
congruence subgroup property and such that for every vertex of the first level
StabG(v) = StabG(L1). If G has the subgroup induction property, it is subgroup
separable.
As a corollary, we obtain another proof of the fact that both G [GW03] and
G3 [Gar16] are subgroup separable.
The first Grigorchuk group [GW03] and the GuptaâĂŞSidki 3-group [Gar16]
were the only groups known to have the subgroup induction property, until
the very recent work [FL20+] of the second named author together with D.
Francoeur generalizing the results of [Gar16] to all Gupta-Sidki p-groups, (p ≥ 3
prime) and more generally to torsion GGS groups acting on the p-regular-rooted
tree.
2.2 Subdirect products
A subgroup H ≤ ∏i∈I Gi that projects onto each factor is called a subdirect
product, written H ≤s
∏
i∈I Gi.
Subdirect products have been used for example to represent many small
perfect groups [HP89]. On the other hand, understanding subdirect products is
the first step in the comprehension of general subgroups of direct products and
is therefore of interest in itself.
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In this context, diagonal subgroups play an important role. We need to
introduce the notion of a diagonal subgroup in the abstract setting of a direct
product which will be coherent with the notion of diagonal subgroups introduced
in Definition 2.3.
Definition 2.13. Let I be a set and let (Gi)i∈I be a collection of groups that
are all isomorphic to a common group G. We say that a subgroup H of
∏
i∈I Gi
is diagonal if there exists isomorphisms ψi : G→ Gi such that
H = diag
(∏
i∈I
ψi(G)
)
:= {(ψi(g))i∈I | g ∈ G}.
It directly follows from the definition that diagonal subgroups of
∏
i∈I Gi are
examples of subdirect product.
We will show in Section 3 that for just infinite groups diagonal subgroups
together with G×G itself are basically the only examples of subdirect products
of G×G.
Lemma 2.14. Let G1 and G2 be two just infinite groups and H ≤s G1 × G2.
Then either there exists Ci ≤ Gi of finite index such that H contains C1 × C2,
or G1 and G2 are isomorphic and H = diag
(
G1×ψ(G1)
)
for some isomorphism
ψ : G1 → G2.
For products of just infinite groups with more than two factors, full products
and diagonal subgroups are the building blocks of subdirect products. We need
one last definition before stating our result.
Definition 2.15. Let (Gi)i∈I , be a family of groups, indexed by a set I. A
subgroup H of
∏
i∈I Gi is virtually diagonal by blocks if there exists a set ∆,
abstract groups (Gα)α∈∆ and subgroups (Dα)α∈∆ of
∏
i∈Iα Gi such that I is
partitioned into I =
⊔
α∈∆ Iα with
1. For every i in Iα, the group Gi is isomorphic to Gα,
2. The subgroup Dα is a diagonal subgroup of L|Iα| for some finite index
subgroup L of Gα,
3. H contains
∏
α∈∆Dα as a finite index subgroup.
Observe that it follows from the definition that if Iα contains only one ele-
ment, then Dα is a finite index subgroup of Gα.
We are now able to state our main result about subdirect products.
Theorem 2.16. Let Gi, 1 ≤ i ≤ n be just infinite groups. Suppose that at most
two of them are virtually abelian. Then all subdirect products of
∏n
i=1Gi are
virtually diagonal by blocks.
The restriction on the number of virtually abelian factors is necessary as
demonstrated by Example 3.7. On the other hand, it is not too restrictive in
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the sense that nearly all just infinite groups, and in particular all torsion just
infinite groups, are not virtually abelian. Indeed, McCarthy showed in [McC68]
that ifG is a just infinite group, then it has a maximum abelian normal subgroup
(either trivial or of finite index) which is equal to its Fitting subgroup2 Ψ(G) and
is isomorphic to Zn for some integer n. Such a group G is not virtually abelian
if and only if Ψ(G) = {1} which correspond to the case n = 0. Moreover, for
every n > 0, there exists only finitely many non-isomorphic just infinite groups
with Ψ(G) = Zn [McC68, Proposition 9]. Finally, (weakly) branch groups are
never virtually abelian [BGŠ03, Proposition 10.4].
If in Theorem 2.16 the Gis are pairwise non-isomorphic, all the Iαs have
cardinality 1 and there exist finite index subgroups Li ≤ Gi such thatH contains∏n
i=1 Li. This directly implies the following rigidity result on subdirect products
of non-isomorphic groups.
Corollary 2.17. Let Gi, 1 ≤ i ≤ n, be pairwise non-isomorphic just infinite
groups. Suppose that at most two of them are virtually abelian. Then every
subdirect product of
∏n
i=1Gi is a finite index subgroup.
3 Block structure in products of just infinite
groups
One important tool for the study of subdirect product is the notion of fibre
product. Recall that if ψ1 : G1  D and ψ2 : G2  D are groups epimorphisms,
their fibre product3 is the subgroup C := {(g1, g2) ∈ G1×G2 |ψ1(g1) = ψ2(g2)}
of G1×G2. Every fibre product is naturally isomorphic to a subdirect product.
The converse also holds. More precisely, the Goursat Lemma [Gou89] applied
to subdirect products gives us
Lemma 3.1. If H ≤s G1×G2 is a subdirect product, then there exists a quotient
D of H and epimorphisms ψ1 : G1  D and ψ2 : G2  D such that H is the
fiber product of ψ1 and ψ2.
Using this result, we are able to prove Lemma 2.14.
Proof of Lemma 2.14. By Lemma 3.1, H is the fibre product of ψ1 : G1  D
and ψ2 : G2  D where D is a quotient of G. It follows directly from the
definition of a fibre product that H contains the subgroup ker(ψ1)× ker(ψ2). If
D is finite, both ker(ψ1) and ker(ψ2) have finite index in G1, respectively G2,
and the conclusion of the lemma holds. If D is not finite, by just infinity, both
2The Fitting subgroup Ψ(G) is the subgroup generated by the nilpotent normal subgroups
of G. If any ascending chain of normal subgroups of G stabilizes after a finite number of steps,
then Ψ(G) is the unique maximal normal nilpotent subgroup of G. Indeed, in this case there
exists K1, . . . ,Kn normal nilpotent subgroups of G such that Ψ(G) = 〈K1, . . . ,Kn〉, which is
a normal nilpotent subgroup of G by Fitting’s theorem [Fit38].
3This is the categorial fibre product, also called pullback, of ψ1 and ψ2 in the category of
groups.
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ker(ψ1) and ker(ψ2) are trivial and D is isomorphic to both G1 and G2. But in
this case, ψ1 and ψ2 are isomorphisms and we have
H = {(g, h) ∈ G1 ×G2 |ψ1(g) = ψ2(h)}
= {(g, h) ∈ G1 ×G2 |h = ψ−12 ◦ ψ1(g)}
= diag
(
G1 × ψ−12 ◦ ψ1(G1)
)
.
Remark 3.2. The conclusion of Lemma 2.14 is optimal in the sense that there
exists a subdirect product C ≤s G×G such that C is neither diagonal nor equal
to G×G. Indeed, let G be any group that has two distinct subgroups of index
2, one of them being characteristic.4 Then there exists a subdirect product
C ≤s G×G which is neither a diagonal subgroup nor G×G itself.
More precisely, for any characteristic subgroup H of index two, and any
index two subgroup J 6= H, the fibre product C of G→ G/H and G→ G/J is
neither a diagonal subgroup nor G×G itself. Indeed, we have
C := {(f, g) ∈ G×G | f ∈ H ⇐⇒ g ∈ J}.
Hence C contains H × J which is an index 4 subgroup of G×G. On the other
hand, by definition, C is not equal to G × G (for example, it does not contain
(f, 1) for any f outside H). Since both projections of C ≤s G × G are onto,
C strictly contains H × J and is of index 2 in G × G. We claim that C does
not contain any diagonal subgroup diag
(
G× ψ(G)). Indeed, suppose that this
is the case. On one hand, C contains diag
(
H × ψ(H)). On the other hand, C
contains H × {1} and therefore it also contains {1} × ψ(H) = {1} ×H since H
is characteristic. But C also contains {1} × J . In particular, C contains both
H ×{1} and {1}×G and is of index 2 in G×G. This implies that C = H ×G
which is not a subdirect product of G × G and we have reached the desired
contradiction.
In order to prove Theorem 2.16 for subdirect products of
∏
i∈I Gi, we will
introduce in Lemma 3.5 an equivalence relation on the indices i ∈ I. In order to
do that, we need some notation. Recall that pii :
∏
i∈I Gi → Gi is the canonical
projection.
Definition 3.3. Let H ≤s
∏
i∈I Gi be a subdirect product. For J ⊆ I we define
HJ by
HJ := {g ∈
∏
i∈I
Gi |pii(g) = 1 if i /∈ J and ∃h ∈ H s.t. ∀j ∈ J : pij(h) = pij(g)}.
In particular, Hi := H{i} ∼= Gi.
Two indices i and j are said to be dependent if i = j or if i 6= j, Hi andHj are
isomorphic and H{i,j} = diag
(
Hi × ψ(Hi)
)
for some isomorphism ψ : Hi → Hj .
4For example, one can take G = G the first Grigorchuk group, H the stabilizer of the first
level and J one of the other 6 index 2 subgroups.
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They are said to be independent if i 6= j and H{i,j} contains Li × Lj where Li,
Lj are finite index subgroups of Hi, Hj .
Informally, HJ is the projection of H to
∏
i∈J Hi, but viewed as a subgroup
of
∏
i∈I Hi.
Note that, in general, being independent is not the negation of being depen-
dent, see Example 3.7. However, it follows from Lemma 2.14 that this is the
case when the factors are just infinite:
Corollary 3.4. If H ≤s
∏
i∈I Gi is a subdirect product with all the Gi just
infinite, then for all i and j, either they are dependent or they are independent.
We will now show that being dependent is an equivalence relation and that,
for products of just infinite non virtually abelian groups, if J ⊆ I is a finite
subset of indices that are pairwise independent, then all indices of J are “simul-
taneously independent”.
Lemma 3.5. Let H ≤s
∏
i∈I Gi be a subdirect product. Being dependent is an
equivalence relation. Moreover, if all vertices of J ⊆ I are pairwise dependent,
then HJ is diagonal.
Proof. Let J ⊆ I be a subset. Suppose that there exists j0 ∈ J such that
every j ∈ J is dependent with j0. Then for all j ∈ J we have an isomorphism
ψj : Gj0 → Gj such that for every g in H we have pij(g) = ψ
(
pij0(g)
)
. It directly
follows that HJ = {
(
ψi(g)
)
i∈J | g ∈ Gj} = diag
(∏
i∈J ψi(Gj)
)
. We hence have
proved the second assertion of the lemma.
On the other hand, by taking J = {i, j, k} with (i, j) and (j, k) dependent,
the above implies (for j0 = j) that i and k are dependent. That is, being
dependent is a transitive relation, which is obviously symmetric and reflexive.
Lemma 3.6. Let H ≤s
∏
i∈I Gi with all the Gi just infinite and such that at
most two of them are virtually abelian. Let J ⊆ I be a finite subset of indices
that are pairwise independent. Then there exist finite index subgroups Lj ≤ Gj,
j ∈ J , such that HJ contains
∏
j∈J Lj.
Proof. The proof is done by induction on the cardinality of J . If |J | = 1, there
is nothing to prove. If |J | = 2, this is Lemma 2.14. Now, let J ⊆ I be of
cardinality d with d ≥ 3. Up to renaming the indices, we may suppose that
J = {1, . . . , d}. We can moreover suppose that G1 is not virtually abelian,
since n ≥ 3 and at most two of the Gi are virtually abelian. We claim that
the conclusion of the lemma holds if there exists an index i and a finite index
subgroup Li of Hi such that HJ contains {1} × · · · × Li × · · · × {1}. Indeed,
let H˜J\{i} be the subgroup of HJ\{i} consisting of projections of elements g of
H such that pii(g) is in Li. Formally, H˜J\{i} := HJ\{i} ∩ (Li ×
∏
j∈J\{i}Hj).
Since Li has finite index in Hi, the subgroup H˜J\{i} has finite index in HJ\{i}
and, by induction hypothesis, for every j ∈ J \ {i} it contains L˜j a finite index
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subgroup of Hj . On the other hand, HJ contains Li × H˜J\{i}, which finishes
the proof of the claim.
The subgroup HJ projects onto H{1,3...,d} which, by induction hypothesis,
contains L1 × L3 · · · × Ld for some finite index subgroups of Hi, i 6= 2. In par-
ticular, for every 1 6= g in L1, there exist x in H2 = G2 such that (g, x, 1, . . . , 1)
is in HJ . By doing the same argument for H{1,2,4,...,d} we obtain a finite index
subgroup A of G1 such that for every g and h in A, the group HJ contains both
(g, x, 1 . . . , 1) and (h, 1, y, 1 . . . , 1) for some x and y. By taking the commutator
and then conjugating by elements of HJ , we have that for every g and h in A,
the subgroup 〈[g, h]〉G1 × {1} · · · × {1} is contained in HJ . As soon as [g, h] is
not trivial, 〈[g, h]〉G1 is a non-trivial normal, and hence finite index, subgroup
of G1 and we are done. Since G1 is not virtually abelian, it is always possible
to find g and h in A that do not commute.
The following example clarifies the conditions imposed in Lemma 3.6 and
Theorem 2.16.
Example 3.7. Let G be an abelian group (for example G = Z) and Hn :=
{(g1, . . . , gn) ∈ Gn|
∑
i gi = 0}. Then Hn is a subdirect product of Gn such
that all indices are pairwise independent, but not simultaneously independent
as soon as n ≥ 3. Moreover, if n ≥ 3 then Hn is not virtually diagonal by
block. In particular, Hn satisfies neither the conclusion of Lemma 3.6, nor the
conclusion of Theorem 2.16.
On the other hand, Hn can be viewed as a subdirect product of G1 = G
and G2 = Gn−1. With this identification and for n ≥ 3, the indices 1 and 2 are
neither independent nor dependent.
We now have all the ingredients necessary to prove Theorem 2.16.
Proof of Theorem 2.16. Let Gi, 1 ≤ i ≤ n be just infinite groups such that
at most two of them are virtually abelian. Let H ≤s
∏n
i=1Gi. By Lemma
3.5, there exists an integer d and a partition {1, . . . , n} = I1 unionsq . . . unionsq Id such
that the Iαs are equivalence classes of dependent indices. In particular, H is a
subdirect product of
∏d
α=1HIα and HIα ≤s
∏
i∈Iα Gi is a diagonal subgroup.
Let iα := min{i ∈ Iα} and Gα := Giα . Then all the Gi, i ∈ Iα are isomorphic
to Gα and so is HIα .
On the other hand, by viewing H as a subdirect product of
∏d
α=1HIα we
have that the indices (Iα)dα=1 are pairwise independent. By Lemma 3.6, for
every 1 ≤ α ≤ d, the group H contains Lα, a finite index subgroup of HIα .
Since HIα is a diagonal subgroup of
∏
i∈Iα Gi
∼= G|Iα|α , the subgroup Lα is a
diagonal subgroup of L|Iα| for some finite index subgroup L of Gα. It is clear
that
∏d
α=1 Lα has finite index in H, and therefore H is a virtually diagonal by
block subgroup of
∏n
i=1Gi.
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4 Block structure in branch groups
We begin this section with a consequence of Lemma 2.14. While this result is
not used in the proof of the main results, we record it as another good example
of application of the subdirect product’s techniques.
Lemma 4.1. Let A be a subgroup of the first Grigorchuk group G. Suppose
that both first level sections of StabA(1) are equal to G. Then A contains C×C
for some finite index subgroup C of G and is thus of finite index.
Proof. Since StabA(1) has finite index in A, we can suppose that A is a subgroup
of H = StabG(1) and hence of G × G. By Lemma 2.14, if both sections of A
are equal to G, then either A contains C ×C for some finite index subgroup C,
or is of the form diag
(
G× ψ(G)) for some automorphism of G. We argue that
the second case may not happen. More precisely, diag
(
G × ψ(G)) is never a
subgroup of G. Indeed, if it was the case, then c · (a, ψ(a)) = (1, dψ(a)) would
be in G. But then, dψ(a) is in ϕ1
(
RistG(1)
)
= B and hence ψ(a) belongs to
dB ⊆ H. In particular, we would have that a belongs to ψ−1(H) = H since H
is a characteristic subgroup of G, which is our desired contradiction.
We will use many times and without explicit reference the following easy
lemma.
Lemma 4.2. Let G be any subgroup of Aut(T ) and H a subgroup of G. Then
the following are equivalent.
1. There exists n such that for every v ∈ Ln the section ϕv
(
StabH(Ln)
)
is
either trivial or has finite index in ϕv
(
StabG(v)
)
,
2. There exists a transversal X of T such that for every v ∈ X the section
ϕv
(
StabH(X)
)
is either trivial or has finite index in ϕv(G).
Proof. It is clear that Property 1 implies Property 2. For the converse, let H be
a subgroup such that the conclusion of Property 2 holds for some X and let n be
the maximal level of a vertex in X. Then StabH(Ln) is a finite index subgroup
of StabH(X). Now, let w be a vertex of level n and v its unique ancestor in X.
Then ϕw
(
StabH(Ln)
)
has finite index in ϕw
(
StabH(X)
)
= ϕw
(
ϕv
(
StabH(X)
))
.
This implies that ϕw
(
StabH(Ln)
)
is either a finite index subgroup of the trivial
group (and hence trivial) or a finite index subgroup of a finite index subgroup
of ϕw
(
StabG(w)
)
.
The subgroup induction property admits an equivalent characterization that
will be more suitable for our aim.
Proposition 4.3. Let G ≤ Aut(T ) be a self-similar group. Then the following
are equivalent.
1. G has the subgroup induction property,
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2. For every finitely generated subgroup H ≤ G, there exists a transversal X
of T such that for every v ∈ X the section ϕv
(
StabH(X)
)
is either trivial
or has finite index in ϕv(G).
Proof. We first show that the subgroup induction property implies the second
assertion. Let X be the class of subgroups H of G such that there exists a
transversal X with ϕv
(
StabH(X)
)
trivial or of finite index in ϕv(G) for every
v in X. We have to show that this class is inductive.
It is obvious that both {1} and G belong to X — in both case we can take
X to be the root of T .
Let H and L be two subgroups of G such that H is a finite index subgroup
of L. We need to show that H is in X if and only if L is. For every X the
subgroup StabH(X) has finite index in StabL(X) and hence ϕv
(
StabH(X)
)
has
finite index in ϕv
(
StabL(X)
)
. In particular, if L is in X , so does H, and this for
the same transversalX. On the other hand, ifH is in X with transversalX, then
for every v ∈ X the subgroup ϕv
(
StabL(X)
)
is either finite or has finite index
in ϕv(G). Let v be a vertex of X such that ϕv
(
StabL(X)
)
is finite. There exists
a transversal Xv of Tv such that Stab
ϕv
(
StabL(X)
)(Xv) is trivial. Let X ′ be the
transversal obtained from X by removing all v ∈ X such that ϕv
(
StabL(X)
)
is
finite and replacing them by the corresponding Xv. Then, for every w ∈ X ′,
either ϕw
(
StabL(X ′)
)
is trivial or it has finite index in ϕw
(
StabG(w)
)
.
Finally, let {1, . . . , d} be the first level vertices of T and let H be a finitely
generated subgroup of StabG(L1) such that all its sections H1, . . . ,Hd belong
to X . Each of the Hi comes with a transversal Xi of Ti. Let X be the union
of these Xi; it is a transversal for T . Let H ′ := StabH(X). This is a finite
index subgroup of H with first level sections H ′i := ϕi(H ′) of finite index in Hi.
Therefore, for every v in Xi, the section ϕv(H ′i) = ϕv(H ′) is either trivial or of
finite index in ϕv(G). This implies that H ′ belongs to X and so does H since
X is closed under finite extension.
Now, suppose that G satisfies the Property 2 and let X be an inductive class
of subgroups. In particular, X contains {1} and every finite index subgroup of
G. Let H be a finitely generated subgroup of G and X be the corresponding
transversal. We need to show that H is in X . Let H ′ := StabH(X). Since H ′
has finite index in H, it is finitely generated and, if it belongs to X , so does H.
If X consist only of the root of T , then either H is finite, or it has finite index
in G. In both cases, it belongs to X . Otherwise, let v be a vertex not in X
but such that all its children w1, . . . , wd are in X. Since H ′ stabilizes X, all the
ϕwi
(
ϕv(H ′)
)
= ϕwi(H ′) are in X and ϕv(H ′) is a finitely generated subgroup
of G stabilizing the first level of Tv. In particular, ϕv(H ′) belongs to X . Let
X1 := v ∪X \ {w1, . . . , wd}. By the above, H ′ pointwise stabilizes X1 and all
its sections along X1 are in X . By induction, there exists m such that Xm is
the root and H ′ belongs to X .
Remark 4.4. The alternative characterization of the subgroup induction prop-
erty given by Proposition 4.3 is natural even in a non-self-similar context. From
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now on, we will say that a group G has the subgroup induction property if it
satisfies this alternative characterization.
It is in fact possible to slightly modify the original definition of an inductive
class of subgroups X (which is replaced by an inductive family (Xv)v∈T of classes
of subgroups) to take into account groups that are not necessarily self-similar in
the Definition 2.8. Proposition 4.3 and its proof extend to this general context.
The details are let to the interested reader.
We now derive now some corollaries from this more general subgroup induc-
tion property. The first one is about the rank of G.
Corollary 4.5. Let G ≤ Aut(T ) be a branch group with the subgroup induction
property. Then G is either finitely generated or locally finite.
Proof. We can suppose that G is not finitely generated as otherwise there is
nothing to prove.
If H is a finitely generated subgroup of G, there exists n such that for every
vertex v of level n the section ϕv
(
StabH(Ln)
)
is either trivial or has finite index
in ϕv(G). Then RistG(Ln) ∩H has finite index in H and for every v ∈ Ln the
subgroup ϕv(RistG(Ln)∩H) is either trivial or has finite index in ϕv(G). Since
RistG(Ln) ∩H has finite index in H, it is finitely generated.
On the other hand, for any v ∈ Ln, the number of generators of RistG(Ln)∩
H is at least the number of generators of ϕv(RistG(Ln)∩H). Since G is branch
but not finitely generated, the rigid stabilizer RistG(Ln) is not finitely gener-
ated and so is RistG(w) for any w. Therefore, for any w ∈ T , the subgroups
ϕw
(
RistG(w)
)
and ϕw(G) are not finitely generated. Altogether, this implies
that for every w ∈ Ln, the subgroup ϕw(RistG(Ln)∩H) is trivial. That is, the
subgroup RistG(Ln) ∩H is itself trivial and H is finite.
We also have a result about finite subgroups of G
Corollary 4.6. Let G ≤ Aut(T ) be a group with the subgroup induction property
and let H be a finitely generated subgroup of G. Then H is finite if and only if
no section ϕv(H) has finite index in ϕv(G).
Proof. One direction is trivial. For the other direction, let H be a finitely
generated subgroup of G. Then there exists a transversal X such that for
v ∈ X the section ϕv
(
StabH(X)
)
is either trivial or of finite index in ϕv(G). If
no section of H has finite index, then all the sections of StabH(X) along X are
trivial, that is, StabH(X) is trivial and H is finite.
This allows us to obtain a generalization of Theorem 3 of [Gar16]. A branch
group G ≤ Aut(T ) is said to have trivial branch kernel, [BSZ12], if every finite
index subgroup of G contains the rigid stabilizer of a level, or equivalently if the
topology defined by the RistG(Ln) coincide with the profinite topology. This
property is implied by the more well-known congruence subgroup property which
says that every finite index subgroup of G contains the stabilizer of a level. See
[BSZ12] for more on these properties.
15
Corollary 4.7. Let G ≤ Aut(T ) be a regular branch over K group, with the
subgroup induction property and trivial branch kernel. Suppose that there exists
a vertex v of T with ϕv
(
StabK(v)
)
= G.
Let H be a finitely generated subgroup of G. Then H is finite if and only if
no section of H is equal to G.
Proof. By Corollary 4.6, if H is infinite, it has a section ϕv
(
StabH(v)
)
which
has finite index in G. Since every section of ϕv
(
StabH(v)
)
is a section of H, it
is sufficient to show that every finite index subgroup N of G has a section which
is equal to G.
By the triviality of the branch kernel, N contains the rigid stabilizer of a
level and hence contains RistG(w) for all w deep enough in the tree. On the
other hand, since G is regular branch overK, the section ϕw
(
RistG(w)
)
contains
K and we are done.
The following two lemmas are an adaptation of results from [Lee19]. For
convenience of the reader we include their proofs here.
In order to prove them, we introduce a partial order on the sets of transver-
sals. For two transversals Y and X of T , we say that Y ≥ X if every element y
of Y is the descendant of some x in X. This is indeed a partial order on the set
of transversal, and for any subset V of pairwise orthogonal vertices of T , there
exists a unique smallest transversal containing V .
Lemma 4.8. Let G ≤ Aut(T ) be such that for every vertex v, the subgroup
StabG(v) stabilizes all the siblings of v. Let H be any subgroup of G. Then
for every transversal X and for every vertex v of X, the groups StabH(X) and
StabH(v) have the same orbits on the levels of Tv.
Proof. If Xv is the smallest transversal containing v, then we have StabH(v) =
StabH(Xv) and the assertion is trivially true. Assume that the assertion holds
for some X and let w be any vertex of X and {w1, . . . , wd} be its children. We
will show that the assertion still holds for X ′ := (X \{w})∪{w1, . . . , wd}. Since
any transversal X containing v may be obtained from Xv by a finite number of
these operations, this is enough to finish the proof.
If StabH(X) already stabilizes X ′, there is nothing to prove. Otherwise, we
have
StabH(X ′) = StabH(X) ∩
⋂
i
StabH(wi)
= StabH(X) ∩
(
StabG(w) ∩
⋂
i
StabG(wi)
)
= StabH(X) ∩ StabG(w1) = StabH(X) ∩ StabH(w1).
We hence showed that StabH(X ′) is an index d subgroup of StabH(X). This im-
plies that for every transversal of
⋃
u∈X′ Tu, the number of orbits of StabH(X ′)
is at most d times the number of orbits of StabH(X) and every StabH(X)-
orbit is a union of StabH(X ′)-orbits. On the other hand, StabH(X) acts on
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{w1, . . . , wd} transitively while StabH(X ′) fixes it pointwise and hence has d
orbits. Therefore, the subgroup StabH(X ′) has the same orbits on the levels of
Tv as StabH(X) and hence as StabH(v).
Note that if G is self-similar and StabG(w) = StabG(L1) for vertices of
the first level, then for every vertex v the subgroup StabG(v) stabilizes all the
siblings of v and Lemma 4.8 applies.
Lemma 4.9. Let G ≤ Aut(T ) be a just infinite branch group such that for every
vertex v the subgroup StabG(v) stabilizes all the siblings of v. Let H ≤ G be a
subgroup and suppose that there exists a transversal X of T such that for each
v ∈ X the section ϕv
(
StabH(X)
)
is either trivial or a finite index subgroup of
ϕv(G). Then there exists a transversal Y ≥ X such that for each v ∈ Y the
section ϕv
(
StabH(Y )
)
is either trivial or a finite index subgroup of ϕv(G), in
which case it is just infinite.
Proof. We are going to find a transversal Y such that for every v ∈ Y the
subgroup ϕv
(
StabH(Y )
)
is either trivial or of finite index in ϕv(G), in which
case it acts level transitively on Tv and is just infinite. Indeed, if a finite index
subgroup A of G acts level transitively on T , then it is branch. Since G is just
infinite and branch, the group ϕv(G) is also just infinite and branch [Lee19,
Lemma 5.1]. Therefore [Gri00b, Theorem 4] any finite index subgroup A of
ϕv(G) which is branch is also just infinite.
We claim that since G acts level transitively on T , there exists a transversal
Y ≥ X such that for v ∈ Y the section ϕv
(
StabH(X ∪ {v})
)
is either trivial
or has finite index in ϕv(G) and acts level transitively on Tv. Let X0 := {v ∈
X |ϕv
(
StabH(X)
)
= {1}} and X1 := X \X0. Now, for every u in X1, and every
w ≥ u, the group ϕw
(
StabH(X∪{w})
)
has finite index in ϕv(G) and hence acts
on ∂Tw with finitely many orbits closure. Therefore, for w ≥ u big enough the
group ϕw
(
StabH(X ∪{w})
)
acts minimaly on ∂Tw, that is, level transitively on
Tw. Let Yu be the set of vertices w ≥ u that are minimal for the property that
ϕw
(
StabH(X ∪ {w})
)
acts level transitively on Tw. It is obvious that vertices
in Yu are pairwise orthogonal and that Yu is a transversal for Tu. Finally, let
Y1 :=
⋃
u∈X1 Yu and Y := X0 unionsq Y1. Then Y ≥ X is a transversal for T and the
claim is proved.
Finally, we will show that for v ∈ Y the section ϕv
(
StabH(Y )
)
is either
trivial or has finite index in G and acts level transitively on Tv. If v belongs to
X0 then ϕv
(
StabH(Y )
)
is trivial. On the other hand, if v belongs to Y1, then
ϕv
(
StabH(Y )
)
has finite index in ϕv
(
StabH(X ∪ {v})
)
and hence in ϕv(G). It
remains to show that it acts level transitively on Tv. Let z be the unique ancestor
of v in X and Xv the minimal transversal of T that contains both v and X \{z}.
By applying Lemma 4.8 both to Xv and to Y we obtain that StabH(Xv) and
StabH(Y ) have the same orbits on Tv. On the other hand, by definition of Y1,
the subgroup StabH(X ∪ {v}) = StabH(Xv) acts level transitively on Tv.
In the next two lemmas we prove that, under the right hypothesis, H ≤ G
contains a block subgroup A with [H : A] < ∞ if and only if there exists a
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transversal X of T such that for every v ∈ X the section ϕv
(
StabH(X)
)
is
either trivial or has finite index in ϕv(G).
Lemma 4.10. Let G ≤ Aut(T ) be a just infinite branch group such that for
every vertex v the subgroup StabG(v) stabilizes all the siblings of v. Let H ≤ G
be a subgroup. Suppose that there exists a transversal X of T such that for every
v ∈ X the section ϕv
(
StabH(X)
)
is either trivial or has finite index in ϕv(G).
Then H contains a bloc subgroup A with [H : A] <∞.
Proof. Let H ≤ G be a subgroup such that there exists a transversal X of
T such that for every v ∈ X the section ϕv
(
StabH(X)
)
is either trivial or
has finite index in ϕv(G). By Lemma 4.9 there exists a finite index subgroup
L = StabH(Y ) of H such that
L ≤s
∏
u∈U
Hu
where U = {v ∈ Y |ϕv
(
StabH(X)
) 6= {1}} and Hu is the just infinite subgroup
of Aut(T ) acting as ϕu(L) on Tu and trivially outside. In particular, ϕu is
an isomorphism from Hu to ϕu(L). Since ϕu(L) is a just infinite, finite index
subgroup of the branch group ϕu(G) ≤ Aut(Tu), it acts level transitively on Tu,
[Lee19, Lemma 2.8], and is hence branch and not virtually abelian. We conclude
that the Hu are just infinite and not virtually abelian.
By Theorem 2.16, the group L is virtually diagonal by blocks in the sense of
Definition 2.15. More precisely, there exists a partition of U onto U =
⊔n
i=1 Ui
of orthogonal, pairwise orthogonal, subsets of vertices of T . Moreover, the
subgroup L contains L′ =
∏n
i=1Di as a finite index subgroup, where the Dis
are diagonal subgroups. Since L′ has finite index in L and hence in H, for
u ∈ U in the support of Di the section ϕu(Di) has finite index in ϕu(H) and
hence in ϕu
(
RistG(u)
)
. Therefore, the Dis are diagonal subgroups in the sense
of Definition 2.3 and L′ is a block subgroup in the sense of Definition 2.5 that
has finite index in H.
Lemma 4.11. Let G ≤ Aut(T ). Let H ≤ G be a subgroup containing a block
subgroup A with [H : A] <∞. Then there exists a transversal X of T such that
for every v ∈ X the section ϕv
(
StabH(X)
)
is either trivial or has finite index
in ϕv(G).
Proof. Let A =
∏k
i=1Di ≤ G be a block subgroup and for each i let Ui be the
support of the diagonal subgroup Di. In particular, the Ui are orthogonal and
pairwise orthogonal. Let X be the unique minimal transversal of T containing
all the Ui. In particular, StabA(X) = StabA(
⋃k
i=1 Ui). Then ϕv
(
StabA(X)
)
is either trivial or has finite index in ϕv(G) for every v ∈ X. If A has finite
index in some subgroup H ≤ G, the subgroup ϕv
(
StabH(X)
)
is either finite
or has finite index in ϕv(G) for every v ∈ X. Therefore, there exists another
transversal Y ≥ X such that ϕv
(
StabH(Y )
)
is either trivial or has finite index
in ϕv(G) for every v ∈ Y .
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In order to prove our main result, we will need the following:
Proposition 4.12 ([FL20+]). Let G ≤ Aut(T ) be a self-similar branch group
with the subgroup induction property. Then G is torsion and just infinite.
Remark 4.13. Proof of Proposition 4.12 is part of on ongoing work of the sec-
ond named author and Dominik Francoeur, [FL20+]. In any case, this proposi-
tion can be omitted by adding the hypothesis G just infinite to the statements
of Theorems 2.9 and 2.12.
We are now able to prove our main result.
Theorem 2.9. Let G be a finitely generated branch group such that for every
vertex v the subgroup StabG(v) stabilizes all the siblings of v. Then the following
are equivalent.
1. A subgroup H of G is finitely generated if and only if it contains a block
subgroup A with [H : A] <∞,
2. A subgroup H of G is finitely generated if and only if there exists n such
that for every v ∈ Ln the section ϕv
(
StabH(Ln)
)
is either trivial or has
finite index in ϕv
(
StabG(v)
)
,
3. A subgroup H of G is finitely generated if and only if there exists a
transversal X of T such that for every v ∈ X the section ϕv
(
StabH(X)
)
is either trivial or has finite index in ϕv
(
StabG(v)
)
.
If moreover G is self-similar, then this is equivalent to
4. The group G has the subgroup induction property in the sense of Definition
2.8.
Proof. First of all, if G is finitely generated, then every block subgroup is also
finitely generated and therefore if H ≤ G contains a block subgroup with [H :
A] <∞ then H is finitely generated. Hence, Theorem 2.9 follows from the fact
that the following are equivalent:
a. Every finitely generated subgroup H of G contains a block subgroup A
with [H : A] <∞,
b. For every finitely generated subgroup H of G there exists n such that
for every v ∈ Ln the section ϕv
(
StabH(Ln)
)
is either trivial or has finite
index in ϕv
(
StabG(v)
)
,
c. For every finitely generated subgroup H of G there exists a transversal X
of T such that for every v ∈ X the section ϕv
(
StabH(X)
)
is either trivial
or has finite index in ϕv
(
StabG(v)
)
,
d. (If G is self-similar) The group G has the subgroup induction property.
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Properties b and c are equivalent by Lemma 4.2 and if G is self-similar they are
equivalent Property d by Proposition 4.3. Moreover, by Lemma 4.11, Property
c is implied by Property a. On the other hand, if G has Property b, then it is
just infinite by Proposition 4.12 and hence has Property a by Lemma 4.10.
We finally derive Theorem 2.12 from Theorem 2.9.
Proof of Theorem 2.12. Let G be a finitely generated branch group with the
congruence subgroup property and such that for every vertex v the subgroup
StabG(v) stabilizes all the siblings of v. We suppose that G has the subgroup
induction property.
Let H be a finitely generated subgroup of G. By Theorem 2.9, there exists a
block subgroup A ≤ H with [H : A] finite. By [Lee19, Lemma 6.7], A is closed
for the profinite topology and so is H. We have just proved that G is subgroup
separable, as desired.
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